Section S9 FINANCIAL PHYSICS

1. Discuss the extent to which financial market data show scaling properties.

Describe the microstructure of financial markets, focusing on the order of events
which lead to the determination of the price.

2. Describe and compare forward contracts, European options and American options.

Derive the Black-Scholes equation for the price of a European call option, ex-
plaining carefully any approximations that you make. Describe the resulting hedging
strategy. Discuss how the hedging strategy and the value of the call option vary as the
option approaches expiry.

3. Give an account of the concept of risk in financial markets.

The change Az, in the price of a particular stock on day n is described by the
following equation:
Ay = 0p + 0p—10p2

where the random variable §; takes values —1 or +1 with equal probability. Evaluate
(a) (Azy,), (b) (Az,Ax,_1Az,_3), and (¢) (Ax,Ax,) for n’ # n. Discuss the duration
and magnitude of the largest possible crash that can occur for this stock. Compare
these results, together with those from cases (a), (b) and (c), with the corresponding
ones for a random-walk model of stock-price movements.
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Section S9 FINANCIAL PHYSICS

1. Discuss the microstructure of financial markets, focusing on the order of events
that lead to the determination of a price. Describe the extent to which multi-agent
models can account for the stylized facts observed in financial market price data. [12]

Under certain conditions, the volatility of price increments over n timesteps, o,
can be related to the volatility over a single timestep o, by the expression o, = n'/2c.
Give the derivation of this expression, stating clearly the conditions under which it will

hold true. 7]
In a particular market, the price data are found to satisfy the generalised
relationship o, = n“c with a > 1/2. Discuss the implications of this finding. 6]
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3. A trader in a given stock market X has a probability of winning at time ¢
determined by his success in any market at the previous two timesteps t —2 and t — 1.
When he wins (W) he earns one unit of cash. When he loses (L) he pays one unit of
cash. Following a sequence of outcomes (L, L) at timesteps (¢t —2, t — 1), his probability
of winning at timestep ¢ is prr. Following (L, W) it is prw, following (W, L) it is pwr
and following (W, W) it is pyw. Deduce his probability of winning for a generic run of
trades in the stationary regime. Derive a condition involving prr., prw, pwr and pww,
such that he loses on average.

Although he is losing on average in market X, he decides to invest in a futures
market Y where his probability of winning in any timestep is a fixed number p which
is less than 1/2. He switches randomly between the two markets X and Y. Derive
the condition under which he can now win on average. Give an explanation of this
phenomenon in terms of the system’s dynamics.

Consider p = %—a, PLL = 1% —o, PLw = PWIL = i—a and pyww = 1—70—(1 where
a > 0. Derive the range of values of o such that, by switching randomly between the
two losing markets X and Y, he wins on average.

4. Explain the terms implied volatility, American option and European option.

Sketch the pay-off diagrams at expiry for a European call option and a European
put option, as a function of the asset price. Compare these with the pay-off diagrams
for the long and the short positions in a forward contract.

Derive an expression for the price of a European call option that is valid for
non-Gaussian markets. Give an outline derivation of the hedging strategy which will
minimize the risk. State clearly any assumptions you make.
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Section S9 FINANCIAL PHYSICS

1. Discuss what is meant by the financial term volatility. (3]
Sketch the pay-off diagrams at expiry for long and short positions in a forward
contract as a function of the asset price. Compare these with the pay-off diagrams for
a European call and put option. [5]
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2. In the context of financial markets, explain what is meant by the terms random
walk and stylized facts. 8]
The monthly increment of a particular market index can be described by the
following equation:
dy(t) = a(t —2)a(t — 1) + a(t),
where at each timestep ¢t the random variable a takes values —1 or +1 with equal
probability. Evaluate the following expectation values for the process dy(t):
(a) E[oy(t)],
(b) Elby(t)dy(t)] for ¢/ # ¢,
(c) E[oy(t)oy(t —1)dy(t —2)]. [10]
Comment on the predictability of the time-series y(t). Derive the magnitude and
duration of the worst possible drawdown that can occur for this index. Compare these
results with the worst possible drawdown for another index, the monthly increment of
which is given by dy(t) = a(t). [7]
3. Give an account of each of the following topics:
(a) Scaling of financial market data. 8]
(b) Black—Scholes option pricing theory. 8]
(¢) Option pricing in non-Gaussian markets. 9]
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Section K. PHYSICS AND FINANCE
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K2. Explain the assumptions made in the derivation of the Black-Scholes equation for
pricing options. Discuss the form of the Black-Scholes hedging strategy for a European
call option as a function of asset price, during the option’s lifetime.

By considering the variation in wealth of the option writer, derive an
expression for the price of a European call option in non-Gaussian markets. State
clearly any assumptions you make. Give an outline derivation of the hedging strategy
which minimizes the risk.

K3. Give an account of the microstructure of financial markets, focusing on the order
of events which lead to the determination of the price.

Explain the idea of scaling as applied to financial market data.
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K4. Discuss the implications of the independent and identically distributed (i.i.d.)
assumption invoked by standard finance theory when describing price-increments in
a market.

Under certain conditions the volatility o, of price-increments over n timesteps
can be related to the volatility o over a single timestep by the expression o,, = n'/2c.
Give the derivation of this expression, stating clearly the conditions under which it will
hold true.

It is often found that empirical market data satisfy the generalized relationship
on = n% with « # 1/2. Discuss the implications of this finding.

Show that under the assumptions of standard finance theory, the probability
distribution of prices satisfies a diffusion equation. Comment on the general form of
the solution to this equation, and discuss how it is related to the distribution of price-
increments for a single timestep in a simple coin-toss market.
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K. PHYSICS AND FINANCE

K1. Discuss briefly the concepts of wvolatility and risk. Explain the terms implied
volatility, American option, European option and lookback option.

Sketch the pay-off diagrams at expiry for a European call and put option, as a
function of the asset price. How do these differ from the pay-off diagrams for long and
short positions in a forward contract?

Using Ito’s lemma, or otherwise, derive the Black-Scholes partial differential
equation for the price of a European call option. Discuss any approximations made.
Explain the resulting hedging strategy. Sketch the value of the call option both before
and at expiry, as a function of the exercise price.

It has been claimed that derivatives trading is a major cause of financial crashes.
Comment on this statement.

K2. What does the efficient market hypothesis imply about temporal correlations in
financial price series? Give an outline derivation of a pricing theory for European call
options in a non-Gaussian market.

The daily price increment of a particular dot-com stock can be described by the
following equation:
Ip(t) = e(t) +e(t — 1)e(t — 2)

where at each timestep ¢, the random variable ¢ takes values 4+1 or —1 with equal
probability. Verify that the expectation values for the process dp(t) satisfy E[op(¢)] =0
and E[op(t)dp(t')] =0 for t # t'.

Show that the three-point correlation function E[dp(t—2)dp(t—1)dp(t)] is non-zero,
and evaluate the conditional expectation value E[dp(t)|dp(t — 2),dp(t — 1)]. Comment
on the predictability of the price series p(t).

Derive the magnitude and duration of the worst possible drawdown that can occur
for this stock. Compare these results to the worst possible drawdown for a blue-chip
stock whose daily price increment is given by dp(t) = €(t).
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K3. Explain the concept of stylized facts for financial markets. Discuss how you would
determine whether a given price process p(t) constitutes a random walk.

An investor trading in a given currency market A, has a probability of winning at
time ¢ determined by her success at the previous two timesteps ¢t — 2 and ¢t — 1. When
she wins (W) she earns one unit of cash. When she loses (L) she pays one unit of
cash. Following a sequence of outcomes (L,L) at timesteps (¢t — 2,t — 1), her probability
of winning at timestep ¢ is p,. Following (L,W) it is p,. Following (W,L) it is p..
Following (W,W) it is pg. Obtain her probability to win for a generic run of trades in
the stationary regime. Derive a condition involving p,, pp, p. and pg, such that she
loses on average.

Although she is losing on average in market A, she decides to invest in a commodity
market B where her probability of winning p < 1/2. She switches randomly between the
two markets A and B. Derive the condition under which she can now win on average.
Give an explanation of this phenomenon in terms of the system’s dynamics.

Consider p =1/2 -6, p, =9/10 — 0, pp = p. = 1/4 — § and pg = 7/10 — § where
6 > 0. Derive the range of values of § such that, by switching randomly between the
two losing markets A and B, she wins on average.
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